This paper is concerned with the existence of mild solutions for the fractional integrodifferential equations with finite delay and almost sectorial operators in a separable Banach space X. We obtain existence theorem for mild solutions to the above-mentioned equations, by means of measure of noncompactness and the resolvent operators associated with almost sectorial operators. As an application, the existence of mild solutions for some integrodifferential equation is obtained.
Introduction
Fractional differential and integrodifferential equations have received increasing attention during recent years and have been studied extensively see, e.g., 1-15 and references therein since they are playing an increasingly important role in engineering, physics, electrolysis chemical, fractional biological neurons, condensate physics, statistical mechanics, and so on.
Moreover, the Cauchy problem for various delay equations in Banach spaces has been receiving more and more attention during the past decades see, e.g., 3, 4, 9, 10, 14, [16] [17] [18] [19] [20] and references therein .
We mention that much of the previous research on the fractional equations was done provided that the operator in the linear part is the infinitesimal generator of a strongly continuous operator semigroup, a compact semigroup, or an analytic semigroup, or is a Hille-Yosida operator see, e.g., 1-4, 8-10, 12-14 . However, as presented in 15, Examples 1.1 and 1.2 , for which the resolvent operators do not satisfy the required estimate to be a sectorial operator. Von Wahl in 21 first introduced examples of almost sectorial operators which are not sectorial. Recently, the study of evolution equations involving almost sectorial operators has been investigated extensively. However, much less is known about the fractional evolution equations with almost sectorial operators see 15 and the references therein .
In this paper, we are concerned with the following fractional integrodifferential equations:
c D q u t Au t f t, u t t 0 g t, s, u s ds, t ∈ 0, T , u t φ t , t ∈ −r, 0 ,
1.1
where T > 0, 0 < q < 1, and 0 < r < ∞. The fractional derivative is understood here in the Caputo sense. X is a separable Banach space. A is an almost sectorial operator to be introduced later. Here f : 0, For any continuous function v defined on −r, T and any t ∈ 0, T , we denote by u t the element of C −r, 0 , X defined by u t θ u t θ , θ ∈ −r, 0 . Our paper is organized as follows. In Section 2, we give out some preliminaries about fractional order operator, measure of noncompactness, and almost sectorial operators. The existence result will be established in Section 3. In Section 4, an example is given to show the application of the abstract result.
Preliminaries
Throughout this paper, we denote by X a separable Banach space with norm · . For a linear operator A, we denote by D A the domain of A, by ρ A the resolvent set of A, and by R z; A zI − A −1 , z ∈ ρ A the resolvent of A. Moreover, we denote by L X the Banach space of all linear and bounded operators on X and by C a, b , X the space of all X-valued continuous functions on a, b with the supremum norm as follows:
Moreover, we abbreviate u L p 0,T ,R with u L p for any u ∈ L p 0, T , R . Let us recall the following known definitions. For more details, see 7, 11 . Definition 2.1 see 11 . The fractional integral of order q with the lower limit zero for a function f ∈ AC 0, ∞ is defined as
provided that the right side is pointwise defined on 0, ∞ , where Γ · is the gamma function.
q s ds for all t ∈ 0, h .
Let E be a Banach space, ν a monotone nonsingular MNC in E.
Definition 2.7.
A continuous map F : Y ⊆ E → E is called condensing with respect to a MNC ν or ν-condensing if for every bounded set Ω ⊆ Y which is not relatively compact, we have
The following fixed point principle see, e.g., 22, 23 will be used later. for all x ∈ ∂V and 0 < λ ≤ 1. Then, Fix F is a nonempty compact set.
To prove the main result, we will need the following generalization of Gronwall's lemma for singular kernels 24, Lemma 7.1.1 . z ∈ C \ {0} : arg z < μ , 2.14 and S μ its closure, that is,
Let us recall the following definition. 
2.16
A linear operator A will be called an almost sectorial operator on Moreover, the semigroup T t is analytic in an open sector of the complex plane C, but the strong continuity fails at t 0 for data which are not sufficiently smooth.
We denote the semigroup associated with
forms an analytic semigroup of growth order 1 γ, where ω < θ < μ < π/2 − | arg t|, the integral contour Γ θ : {R e iθ } ∪ {R e −iθ } is oriented counter-clockwise 15, 26 . We have the following proposition on T t 26, Theorem 3.9 .
Proposition 2.14. Let A ∈ Θ γ ω X with −1 < γ < 0 and 0 < ω < π/2. Then the following properties remain true:
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iii there exists a constant
Clearly, we note that the condition ii of the Proposition 2.14 does not satisfy for t 0 or s 0.
The relation between the resolvent operators of A and the semigroup T t is characterized by. 
Based on the work in 15 , we define operator families {S q t }| t∈S
where Ψ q z with 0 < q < 1 is a function of Wright-type cf. e.g., 15 as follows:
We collect some basic properties on Ψ q z . For more details, we refer to 7, 11, 15, 25 .
Proposition 2.16. For −1 < r < ∞, λ > 0, the following results hold: , S q t and P q t are linear and bounded operators on X. Moreover, for all t > 0, −1 < γ < 0, 0 < q < 1,
2.23
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formally applying the Laplace transform to 2.25 , we get 
2.31
Similarly, we have 
2.34
Then from the above induction, when φ 0 ∈ D A β with β > 1 γ, we can give the following definition of the mild solution of 1.1 . 
Definition 2.20. A continuous function u : −r, T → X satisfying the equation:
u t ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ φ t , t ∈ −r, 0 , S q t φ 0 t 0 t − s q−1 P q t − s f
Main Result
Throughout this section, let A be an operator in the class Θ 
where
Proof. We define the operator F : C −r, T , X → C −r, T , X in the following way:
3.6
It is clear that the operator F is well defined. We define φ t φ t , t∈ −r, 0 , S q t φ 0 , t ∈ 0, T . and u t φ t , t ∈ −r, 0 . Let F : C −r, T , X → C −r, T , X be an operator defined by Fv t 0 for t ∈ −r, 0 and
3.10
Clearly the operator F has a fixed point is equivalent to F having one. We define C : {v ∈ C −r, T , X : v 0 0} ⊂ C −r, T , X . Next we will prove that F has a fixed point on C.
Let {v n } n∈N be a sequence such that v n → v in C as n → ∞. Since f satisfies Hf 1 and g satisfies Hg 1 , for almost every t ∈ 0, T and t, s ∈ Λ, we get 
Therefore, we obtain that
then we see that F is continuous.
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Let us consider the MNC ν in the space C with values in the cone R 3 of the following way: for every bounded subset Ω ⊂ C,
where mod c Ω is the module of equicontinuity of Ω given by mod c Ω lim
where L > 0 is a constant chosen so that
Noting that for any ψ ∈ L 1 0, T , X , we have
so, we can take the appropriate L to satisfy 3.22 and 3.23 . Next, we show that the operator F is ν-condensing on every bounded subset of C. Let Ω ⊂ C be a nonempty, bounded set for which
Noting that sup t∈ −r,0 χ F Ω t 0 3.26 and 3.25 , we can see that sup t∈ −r,0 χ Ω t 0. Next, we estimate Φ Ω . For any t ∈ 0, T , we set
We consider the multifunction s ∈ 0, t H s :
Obviously, H is integrable, and from 2.23 , Hf 1 , and 3.13 , it follows that H is integrably bounded. Moreover, noting that Hf 2 , we have the following estimate for a.e. s ∈ 0, t : 
3.31
Similarly, if we set 
3.34
Now, from 3.31 and 3.34 , L > 0 can be chosen so that
where 0 < L < 1. From 3.25 , we have Φ Ω 0. Next, we will prove that mod c Ω 0. Let δ > 0, t 1 , t 2 ∈ 0, T such that 0 < t 2 − t 1 ≤ δ and v ∈ Ω, noting that Hf 1 and Hg 1 , we obtain 
3.40
Thus, the set { Fv · : v ∈ Ω} is equicontinuous, then mod c FΩ 0. From 3.25 , we get that mod c Ω 0. Hence ν Ω 0, 0, 0 . The regularity property of ν implies the relative compactness of Ω. Now, it follows from Definition 2.7 that F is ν-condensing.
Consider the set B ρ v ∈ C : v 0,T ≤ ρ .
3.41
Next, we show that there exists some ρ > 0 such that FB ρ ⊂ B ρ . Suppose on the contrary that for each ρ > 0 there exist v ρ · ∈ B ρ and some t ∈ 0, T such that This contradicts 3.5 . Hence for some positive number ρ, FB ρ ⊂ B ρ . According to Theorem 2.8, problem 1.1 has at least one mild solution. Next, for c ∈ 0, 1 , we consider the following one-parameter family of maps:
3.46
We will demonstrate that the fixed point set of the family H:
Fix H {v ∈ H c, v for some c ∈ 0, 1 } 3.47
